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We consider the theory of bosonic closed strings on the flat back-
ground IR25;1. We show how the BRST complex can be extended
to a complex where the string center of mass operator, x0 , is well
dened. We investigate the cohomology of the extended complex.
We demonstrate that this cohomology has a number of interesting
features. Unlike in the standard BRST cohomology, there is no dou-
bling of physical states in the extended complex. The cohomology
of the extended complex is more physical in a number of of aspects
related to the zero-momentum states. In particular, we show that the
ghost number one zero-momentum cohomology states are in one to
one correspondence with the generators of the global symmetries of
the background i.e., the Poincare algebra.
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1 Introduction and summary
As it was argued in ref. [?], the gauge parameters that include the zero mode
of the X operator have to be considered in order to prove the complete
dilaton theorems. If we allow X to appear in gauge parameters, it is natural
to allow it to appear in the physical states as well. This calls for an extended
version of the BRST complex where the zero mode of X or, in other words,
the string center of mass operator x0 is well dened.
In this paper we will consider the closed bosonic string with a flat non-
compact target space IR25;1. We will dene the extended complex simply
as a tensor product of the BRST complex with the space of polynomials
of D = 26 variables. Our main objective is to calculate the semi-relative
cohomology of this complex.
When we add new vectors to a complex, two phenomena may occur in co-
homology. First, some vectors that used to represent nontrivial cohomology
classes may become trivial, and second, some new cohomology states may
appear. Our original motivation [?] to use the extended complex was that
the graviton trace G, BRST-physical state, was trivial in the extended com-
plex. As we will see, the extended complex provides many more examples
of this kind. We will show that only one out of D2 + 1 ghost number two
zero-momentum BRST-physical states remains non-trivial in the extended
complex. In the BRST complex, the spectrum of non-zero momentum physi-
cal states is doubled due to the presence of the ghost zero modes. We will see
that there is no such doubling in the extended complex: only ghost number
two states survive and all the ghost number three states become trivial1. Re-
turning to the second phenomenon, the appearance of new physical states,
we will be able to show that all such states can be obtained from the old
ones by dierentiation with respect to the continuous momentum parameter
along the corresponding mass shells. In this sense no new physical state will
appear.
Zero momentum states will require special attention and the calculation
of the cohomology of the zero momentum extended complex is technically
the most dicult part of this work. We will nd that the ghost number one
discrete states at zero momentum correctly describe the global symmetries
1The observation that ghost number three states are physical only in the case of nite
space time volume was made in the book by Green, Schwarz, and Witten [?]. In the nite
space time volume the momentum is discrete and x0 = −i@=@p cannot be dened.
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(Poincare group) of the background.
The analysis presented in this paper shows that the semi-relative coho-
mology of the extended complex correctly describes the physics of the closed
bosonic string around the flat D = 26 background. The arguments that lead
to this conclusion are the following:
1. Ghost number two non-discrete physical states are the same as in the
BRST complex up to innitesimal Lorentz transformations. In this
sense the extended complex is as good as BRST (section ??).
2. There is no doubling of the physical states,|ghost number three BRST-
physical states are trivial in the extended complex (section ??).
3. There is only one zero-momentum physical state at ghost number two
which can be represented by the ghost dilaton (section ?? and ref. [?]).
4. Ghost number one discrete states are in one to one correspondence with
the generators of the Poincare group (section ??).
The paper is organized as follows. In section 2 we start by describing the
extended complex and the nilpotent operator bQ. We dene a cohomology
problem for the extended complex and explain what we are going to learn
about its structure. In section 3 we formulate a simplied version of the
problem in which we replace the closed string BRST complex by its chiral
part. Section 3 is devoted to a detailed analysis of the cohomology of this
complex. In section ?? we investigate the (semi-relative) cohomology of the
full extended complex using the same methods as in section 3. At the end
of section 3 and section ?? we will formulate two theorems which summarize
our results on the structure of the cohomology of the chiral and the full
extended complexes. We present a detailed analysis of the Lorentz group
action on the cohomology of the extended complex in section ??. For the
sake of completeness we add two appendices: ??, where we review some basic
algebraic facts which we use to calculate the cohomology and ??, where we




When we describe a string propagating in flat uncompactied background,
it seems natural to let the string center of mass operator x0 act on the state




0] = −i n;0 
 ; (2.1)
where  is the Minkowski metric. In order to incorporate an operator with
such properties we dene an extended Fock space as a tensor product of an
ordinary Fock space with the space of polynomials of D variables:bFp(; ) = C[x0; : : : ; xD−1]⊗Fp(; ): (2.2)
All operators except 0 act only on the second factor which is an ordinary
Fock space, x0 operators act by multiplying the polynomials by the corre-
sponding x and, nally, the action of 0 is dened by





Note that in the extended Fock module the action of 0 does not reduce to
the multiplication by p.
The extended Fock module is also a module over Virasoro algebra or,
strictly speaking, over a tensor product of two Virasoro algebras correspond-






















The central charge of the extended Fock module is 26, the same as that of
Fp(; ), and we can use it to construct a complex with a nilpotent operatorbQ (see refs. [?, ?]). Following the standard procedure we dene the extended
complex as a tensor product of the extended Fock module with the ghost
module F(b; c; b; c) bVp = F(b; c; b; c)⊗ bFp(; ) (2.5)
and introduce the nilpotent operator bQ as
bQ = X
n




(m− n) : c−mc−nbm+n : +a.h.; (2.6)
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where we put a hat over Virasoro generators in order to emphasize that they
are acting on the extended Fock space.
We can alternatively describe the extended complex as a tensor product
of the BRST complex Vp with the space of polynomials C[x0    xD−1]:
bVp = C[x0   xD−1]⊗ Vp; (2.7)
and express the nilpotent operator bQ in terms of the BRST operator Q as
















So far we have constructed an extended complex bVp = C[x0   xD−1]⊗Vp
equipped with a nilpotent operator bQ given by Eq. (2.8). One can easily
check that Eq. (2.8) does dene a nilpotent operator using Q2 = 0 and
commutation relations between n operators.
2.1 Cohomology of the extended complex
Our major goal is to calculate the cohomology of the operator bQ acting on the
extended complex bVp for dierent values of the momentum p. More precisely,
we will be looking for the so-called semi-relative cohomology, which is the
space of vectors annihilated by bQ and b−0 = b0 − b0 modulo the image of bQ
acting on the vectors annihilated by b−0 (see refs. [?, ?, ?, ?]).
In mathematical literature it is called the semi-innite cohomology of the
V ir  V ir algebra relative to the sub-algebra L−0 generated by the central
charge and L−0 = L0 − L0 with the values in the extended Fock module
bFp,
and is denoted by H(V ir  V ir;L−0 ;
bFp) (see refs. [?, ?]). We denote this
cohomology by HS( bQ; bVp).
Before we start the calculations, let us describe what kind of information
about the cohomology we want to obtain. Ordinarily, we are looking for the
dimensions of the cohomology spaces at each ghost number. In the presence
of the x0 operator these spaces are likely to be innite dimensional (since
multiplication by x does not change the ghost number). In order to extract
reasonable information about the cohomology we have to use an additional
grading by the degree of the polynomials in x. The operator bQ mixes vectors
of dierent degrees and we can not a priori expect the cohomology states to
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be represented by homogeneous polynomials.2 Instead of the grading on bV
we have to use a decreasing ltration
    F−k bV  F−k+1 bV      F0 bV = V; (2.1.1)
where F−k bV is the subspace of bV consisting of the vectors with x degree less
or equal to k. The operator bQ respects this ltration in a sense that it maps
each subspace Fr bV to itself:
bQ : Fr bV ! Fr bV : (2.1.2)
This allows us to dene a ltration on the cohomology of bQ. By denition
F−kH( bQ; bV ) consists of the cohomology classes which can be represented by
vectors with the x-degree less or equal to k. Although as we mentioned above
there is no x-grading on the cohomology space, we can dene a graded space
which is closely related to it. We dene
GrrH( bQ; bV ) = FrH( bQ; bV )=Fr+1H( bQ; bV ): (2.1.3)
By denition GrrH( bQ; bV ) (for r  0) consists of the cohomology classes
which can be represented by a vector with x-degree −r but not −r + 1.
These spaces carry a lot of information about the cohomology structure. For
example if we know the dimensions of Grr for r = 0;−1; : : : ;−k we can
nd the dimension of F−k as their sum. On the other hand the knowledge
of representatives of Grr states is not enough to nd the representatives of
cohomology classes. This is so because Grr spaces contain information only
about the leading in x terms of the cocycles of bQ.
To nd the graded space GrH =
L
GrrH we will use the machinery
known as the method of spectral sequences. The idea is to build a sequence
of complexes En with the dierentials dn such that En+1 = H(dn; En) which
converges to the graded space GrH. In our case we will be able to show
that all dierentials dn for n > 2 vanish and thus E3 = E4 =    = E1.
Therefore, we will never have to calculate higher then the third terms in the
spectral sequence. We will give some more details on the application of the
method of spectral sequences to our case in ??.
2For the p = 0 extended complex and only for this case we will be able to show that
the cohomology can be represented by homogeneous polynomials, but this will come out
as a non-trivial result.
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3 Chiral extended complex
Before attempting a calculation of the cohomology of the full extended com-
plex let us consider its chiral version. This is a warm up problem which,
nevertheless, captures the major features.
We replace the Fock space Fp(; ) by its chiral version, Fp() which is
generated from the vacuum by the left moving modes n only.
Repeating the arguments of the previous section we conclude that the
chiral version of bQ is given by











We will calculate the cohomology of chiral extended complex bVp for three
dierent cases: case p2 6= 0, which describes the massive spectrum; case
p2 = 0|the massless one; and case p  0, which besides the particular
states from the massless spectrum describes a number of discrete states.
3.1 Massive states
Let us start the calculation of the cohomology of the chiral extended complexbVp by considering the case of p2 6= 0. For this case the cohomology of the
BRST complex is non-zero only for ghost number one and ghost number
two. The cohomology contains the same number of ghost number one and
two states which can be written in terms of dimension one primary matter
states. Let jv; pi 2 Vp be a dimension one primary state with no ghost
excitations; then the following states,
c0c1jv; pi and c1jv; pi; (3.1.1)
represent nontrivial cohomology classes and, moreover, each cohomology
class has a representative of this kind (see ref. [?]).
We will calculate the cohomology of the extended complex in two steps.
First, we extend the BRST complex by adding polynomials of one variable
~x = (p  x). The resulting space,
eVp = C[~x]⊗ Vp; (3.1.2)
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Figure 1: Anatomy of a double complex
is a subcomplex of bVp and we dene its cohomology as H( eQ; eVp), where eQ is
the restriction of bQ on eVp. Calculation of GrH( eQ; eVp) is the objective of the
rst step. Second, we obtain the full extended space as a tensor product ofeVp with the polynomials of the transverse variablesbVp = C[~x1 : : : ; ~xD−1]⊗ eVp; (3.1.3)
where




Using GrH( eQ; eVp) found in the rst step, we will calculate GrH( bQ; bVp).
Let us calculate GrH( eQ; eVp). Beside the ghost number, complex eVp has
an additional grading|the x-degree. According to these two gradings we
can write eVp as a double sum eVp = M
r;s
eEr;s0 (p); (3.1.5)
where eEr;s0 = ~x−r ⊗ V (r+s)p is the space of ghost number r+ s states with −r
factors of ~x. Note that in our notations r  0.
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It will be convenient to represent a double graded complex like eVp graphi-
cally by a lattice (see Fig. 1) where each cell represents a space eEr;s0 , columns
represent the spaces with denite x-degrees and the diagonals represent the
spaces with denite ghost numbers.
The action of eQ on eVp can be easily derived from the general formula (3.1).
Any vector from eE−k;s0 can be represented as ~xk⊗jv; pi, where jv; pi 2 V (s−k)p
is a vector from the BRST complex Vp with ghost number s − k. ApplyingeQ to this state we obtain
eQ ~xk ⊗ jv; pi = ~xk ⊗Qjv; pi
− ik ~xk−1 ⊗
X
n
cn (p  −n) jv; pi
−
k (k − 1)
2
p2 ~xk−2 ⊗ c0 jv; pi
(3.1.6)
According to Eq. (3.1.6) we decompose eQ in the sum of operators with a
denite x-degree eQ = @0 + @1 + @2; (3.1.7)
where each @n reduces the x-degree, or increases r; by n (see Fig. 1).
Now we start building the spectral sequence of the complex (eVp; eQ). For
a short review of the method see ??. The rst step, the calculation of eEr;s1 =
GrrHr+s(@0; eV ), reduces to the calculation of the cohomology of the BRST
complex. Indeed, according to Eq. (3.1.6), @0 = 1⊗Q, and therefore
eEr;s1 = ~x−r ⊗H(r+s)(Q; Vp): (3.1.8)
As we mentioned above, the BRST complex has nontrivial cohomology
only at ghost numbers one and two. Thus the space eE1 = L eEr;s1 looks as
shown in Fig. 2 (left), where shaded cells correspond to non-zero spaces.
The dierential d1 is induced on eE1 by @1, and acts from eEr;s1 to eEr+1;s1 as
shown in Fig. 2 (left). Since there are no states below the ghost number one
and above ghost number two, the cohomology of d1 at ghost number one is
given by its kernel: eEr;1−r2 = ker d1; (3.1.9)
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Figure 2: Spectral sequence for eVp
We are going to show that d1 establishes an isomorphism of the corre-
sponding spaces and, therefore, the only non-empty component of eE2 iseE0;12 ’ H1(Q; Vp) as shown in Fig. 2 (right).
Consider an operator B0 = ~x ⊗ b0. This operator is well dened on eE1
i.e., it maps cohomology classes to cohomology classes. On the other hand,
its anticommutator with d1 is given by
fd1; B0g = p
2 k^; (3.1.11)
where k^ the x-degree operator. The last equation shows that if p2 6= 0, non-
trivial cohomology of d1 may exist only in k^ = 0 subspace of eE2. Moreover,
if we apply fd1; B0g = d1B0 + B0 d1 to ghost number one states only the
second term will survive because there are no ghost number zero states ineE1. Thus we conclude that up to a diagonal matrix B0 is an inverse operator
to d1. Since eEr;1−r1 and eEr+1;1−r1 have the same dimension and d1 is invertible
it is an isomorphism between eEr;1−r2 and eEr+1;1−r2 for any r  0.
As shown in Fig. 2 (right), eE2 contains only one non-empty component.
This means that second dierential d2 and all higher are necessarily zero and
the spectral sequence collapses at eE2 = eE1. Therefore, we conclude that
GrH( eQ; eVp) = H1(Q; Vp): (3.1.12)
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The second step in our program is trivial because the spectral sequence
f bEng of the full complex bVp = C[~x1; : : : ; ~xD−1]⊗ eVp; (3.1.13)
stabilizes at bE1 andbE1 = bE1 = C[~x1; : : : ; ~xD−1]⊗GrH( eQ; eVp): (3.1.14)
This happens simply because, according to Eq. (3.1.12), GrH( eQ; eVp), and
thus bE1, contains only ghost number one states and therefore d1 and all
higher dierentials must vanish. Combining Eqs. (3.1.14) and (3.1.12) we
obtain
GrH( bQ; bVp) = C[~x1; : : : ; ~xD−1]⊗H1(Q; Vp): (3.1.15)
This completes our analysis of the cohomology of the chiral extended complex
for p2 6= 0.
3.2 Massless states
The analysis presented above can not be applied to the light-cone, p2 = 0.
We could, in principle, repeat all the arguments using   x instead of ~x,
where  is some vector for which   p 6= 0, to build eV and this would work
everywhere except at the origin of the momentum space, p = 0. Yet it is
instructive to make a covariant calculation in this case. Since there is no
covariant way to choose a vector  we can not apply our two step program.
Instead we will start from scratch and build a spectral sequence for the whole
module bVp = C[x0; : : : ; xD−1]⊗ Vp; (3.2.1)
graded by the total x-degree.
According to Eq. (3.1), we can decompose bQ into a sum of operators of


















The rst step is to nd cohomology of @0, which is just the tensor product
of the BRST cohomology H(Q; Vp) with the space of polynomials
E1 = H(@0; bVp) = C[x0   xD−1]⊗H(Q; Vp): (3.2.4)
Multiplying the representatives of H(Q; Vp) by arbitrary polynomials in x we








where P(x) and Q(x) are polynomials in x that satisfy the transversality
condition, pQ(x) = pP(x) = 0, and are not proportional to p. These
transversality conditions come from the same conditions on BRST cohomol-
ogy classes at p2 = 0. The rst dierential acts non-trivially from ghost
number one to ghost number two states according to the following formula




It is easy to check that the map (3.2.6) is surjective and therefore Er;s2 = 0
for r + s = 2. As expected the cohomology of the massless complex has a
similar structure to that of the massive one. There are no cohomology states
with ghost number two and there is an innite tower of ghost number one
states with dierent x-degree.
3.3 Cohomology of the zero momentum chiral complex
The zero momentum complex is exceptional. Already in the BRST cohomol-
ogy we encounter additional \discrete" states at exotic ghost numbers (see
ref. [?]). The cohomology is one dimensional at ghost numbers zero and three
and D-dimensional at ghost numbers one and two. Explicit representatives
for these classes can be written as given in Table ??.
Let us denote the direct sum of spaces Er;sn with the same ghost number
m = r + s by E(m)n :
E(m)n 
M
r0
Er;m−rn (3.3.1)
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